Let P = n11 ⊕ · · · ⊕ nt1 be the poset given by the ordinal sum of the antichains ni1 with ni elements. Then we consider the P-weight enumerator for the linear code C of length n (n = n1 + · · · + nt) over Fq on P, and derive a MacWilliams-type identity relating the weight enumerator for the dual code C ⊥ of C on P and that for C on the dual poset P of P. This generalizes the earlier work of GutiÃ errez and Tapia-Recillas (Congr. Numer. 133 (1998) 63) corresponding to the case that t = 2, n1 = 1, n2 = n − 1.
Introduction
The 'classical' MacWilliams identity for linear codes over F q (cf. (9)) is a beautiful and important identity relating the weight enumerator for C and that for the dual code C ⊥ of C. In this paper, we derive a similar identity for linear codes over F q on the poset P = n 1 1 ⊕ · · · ⊕ n t 1 (cf. (3)).
One of the basic problems in coding theory is to ÿnd a linear code over F q of given length and dimension having the maximum possible minimum distance (weight). In his attempt of further generalizing Niederreiter's generalization of this basic problem [4, 5, 6] , Brualdi et al. were led to introduce the notion of poset-weight, poset-distance and a code on a poset (a poset code) [1] . Let P = n 1 1 ⊕ · · · ⊕ n t 1 be the poset given by the ordinal sum of the antichains n i 1 = {n 1 + · · · + n i−1 + 1; : : : ; n 1 + · · · + n i−1 + n i }(i = 1; 2; : : : ; t), where n 0 = 0. Then we consider the P-weight enumerator W C; P (x; y) (cf. (2) ) of the linear code C of length n(n = n 1 + · · · + n t ) over F q on the poset P, and derive a MacWilliams-type identity relating the P-weight enumerator for the dual code C ⊥ of C on P and that for C on the dual poset Ä P of P (cf. Theorem 3). This will be done in terms of some polynomial in four variables (cf. (34)) involving Hamming weight enumerators for the codes (dual to those) obtained by shortening the ÿrst n 1 + · · · + n j−1 coordinates and puncturing the last n j+1 + · · · + n t coordinates ( j = 1; : : : ; t).
Two other identities will be given along the way. One is Theorem 1, which is convenient for computational purposes; the other is Theorem 2, which expresses W C ⊥ ; P (x; y) in terms of W C ⊥ j ; P (x; y) (j = 1; : : : ; t) and WC⊥ j ; P (x; y) (j = 2; : : : ; t), with C j ,C j some family of linear codes naturally associated to C.
The present work generalizes the earlier result of GutiÃ errez and Tapia-Recillas (cf. [2] ) corresponding to the case t = 2, n 1 = 1, n 2 = n − 1.
Preliminaries
Let F q be the ÿnite ÿeld with q = p d (p a prime, d a positive integer). For u = (u 1 ; : : : ; u n ) ∈ F n q , its support of u, and the Hamming weight of u are, respectively, given by
Also, for a linear code C of length n over F q , the Hamming weight enumerator of C is
Brualdi et al. [1] generalized the notion of Hamming weight to that of P-weight, where P is a poset on the underlying set
[n] = {1; 2; : : : ; n} of coordinate positions of vectors in F n q . For any such a P, the P-weight w P (u) of u ∈ F n q is deÿned to be
where Supp(u) denotes the smallest ideal containing Supp(u) (recall a subset I of [n] is an ideal if a ∈ I and b¡a ⇒ b ∈ I ). Then one shows that d P (u; v) = w P (u − v) is a metric (called P-metric) on F n q . The P-weight enumerator of a linear code C on P of length n over F q is
Let n 1 ; : : : ; n t be positive integers with n 1 + · · · + n t = n. Then, for the rest of this paper, P = n 1 1 ⊕ · · · ⊕ n t 1 will denote the weak order given by the ordinal sum of the antichains n i 1 with n i elements. Explicitly, P = n 1 1 ⊕ · · · ⊕ n t 1 is the poset whose underlying set and order relation are given by
[n] = n 1 1 ∪ n 2 1 ∪ · · · ∪ n t 1;
(n i 1 = {n 1 + · · · + n i−1 + 1; : : : ; n 1 + · · · + n i−1 + n i });
a¡b ⇔ a ∈ n i 1; b∈ n j 1 for some i; j with i¡j:
In accordance with the poset structure of P, we write
so that u i is the ith block of coordinates of u. Note that, if, for u = (u 1 ; : : : ; u t ) ∈ F n q , s is the largest integer with u s = 0, then
Also, for 16i6t,
will denote the projection onto the ith block of coordinates, and, for u = (u 1 ; : : : ; u t ); v = (v 1 ; : : : ; v t ) ∈ F n q , the usual inner product of u and v is given by
Recall that an additive character on F q is just an element in Hom(F + q ; C × ). Such a equals a , for a unique a ∈ F q , where, with q = p d as above,
and a is nontrivial if a = 0.
Fix a nontrivial additive character on F q . Then the Fourier transformf of the function f deÿned on F n q is given bŷ
For C a linear code of length n over F q and a function f on F n q , we have the discrete Poisson summation formula
Let 0; ÿ , for an element ÿ ∈ F q or a vector ÿ ∈ F m q , denote the Kronecker delta so that
Observe that, for v = (v 1 ; : : :
and, from (6), we get the MacWilliams identity (cf. Chapter 5 of [3] )
The ÿrst identity
Here we derive from the discrete Poisson summation formula (cf. (6)), our ÿrst identity for linear codes C of length n over F q on the poset P = n 1 1 ⊕ · · · ⊕ n t 1 (cf.
(3)). With j (16j6t) as in (5), we let
and, for convenience, also let
Here we understand that B 1 = F n q .
Fourier transform
Let g : F n q → C[x; y] be the function deÿned by
Noting that F n q = t j=1 (B j \B j+1 ) (cf. (10) and (11)) is a disjoint union, we havê
Denote the inner sum in (13) by S j (16j6t). As, for v ∈ B j \B j+1 with j¡t,
the inner sum S j in (13) for j¡t is
Here ui; 0 is the Kronecker delta (cf. (7)). Invoking the Fourier transform of x n−wH(u) y wH(u) in (8) and taking into account the fact that the sum here is over F nt−j+1 q \{0} rather than over F nt−j+1 q , we get, for j¡t,
In the same manner, noting that the sum is over B t \B t+1 = B t , for j = t, the inner sum in (13) is seen to be equal to
From (13)-(15), we conclude that
Derivation of the ÿrst identity
With j (16j6t) as in (5), we put
Again, A 1 = F n q . Then, for the function g in (12), we consider the sum
where we used the expression ofĝ(u) in (16). As, for k¡t, u ∈ A k \A k+1 ⇔ u 1 = · · · = u k−1 = 0 and u k = 0,
ui; 0 = 0 (and equals 1) ⇔ j¿t − k + 1:
Observe that, for k = t, the product in the above is 1 for all j¿1. Thus, (18) equals
Let j = j | C : C → F nj q (16j6t) denote the restriction of j (cf. (5)) to C. Then, with the convention
Also, we let, for 16j6t,
For j = 0, we let 0 : C → {0}; so that ker 0 = C; 0 (C) = 0; 0 (C) ⊥ (the dual of 0 (C) in {0}) = 0:
For later use, we make the following remarks.
Remark. (a) ker j = j i=1 ker i (06j6t).
Now, (19) can be written as
Here W j (ker j−1 ) (x; y) denotes the Hamming weight enumerator for the linear code j (ker j−1 ) (cf. (1)). From the discrete Poisson summation formula in (6) and the expression for u∈Cĝ (u) in (23), we get our ÿrst identity. Theorem 1. Let C be a linear code of length n = n 1 + · · · + n t over F q on the poset P = n 1 1 ⊕ · · · ⊕ n t 1 (cf. (3)). Let j : C → F nj q (16j6t) be the projection of C into the jth block of coordinates, j = 1 ⊕ · · · ⊕ j : C → F n1 q ⊕ · · · ⊕ F nj q , for 16j6t −1, and let 0 : C → {0} (cf. (20)). Then, we have the following identity for the P-weight enumerator W C ⊥ ; P (x; y) of the dual code C ⊥ of C on the poset P.
Remark. (a) The linear code j (ker j−1 ) of length n j is the one obtained from C by shortening the ÿrst n 1 + n 2 + · · · + n j−1 (or equivalently the ÿrst j − 1 blocks of) coordinates and puncturing the last n j+1 + · · · + n t (or equivalently the last t − j blocks of) ones. (b) The MacWilliams identity in (9) could be applied in order to get an expression for W C ⊥ ; P (x; y) in terms of the Hamming weight enumerators for j (ker j−1 ) ⊥ (16j6t). This will be done in the next section.
Example. (1) Let C be the binary [7; 3; 4] dual Hamming code whose codewords are 00|000|00; 10|101|01; 01|100|11; 00|011|11; 11|001|10; 10|110|10; 01|111|00; 11|010|01:
Then its dual C ⊥ is the binary [7; 4; 3] Hamming code whose codewords are 00|000|00; 11|100|00; 10|011|00; 01|010|10; 11|010|01; 01|111|00; 10|110|10; 00|110|01; 11|001|10; 01|001|01; 10|000|11; 00|011|11; 01|100|11; 10|101|01; 00|101|10; 11|111|11:
View C ⊥ as a linear code on the poset P = 21 ⊕ 31 ⊕ 21 (i.e., t = 3, n 1 = n 3 = 2; n 2 = 3). Then, directly from the above list, P-weight distribution of C ⊥ is 0 1 3 1 4 1 5 1 6 8 7 4 (this means that, in C ⊥ , there are one codeword of P-weight 0,3,4,5 each, eight codewords of P-weight 6, four codewords of P-weight 7, and no other codewords), so that W C ⊥ ; P (x; y) = x 7 + x 4 y 3 + x 3 y 4 + x 2 y 5 + 8xy 6 + 4y 7 :
On the other hand, the RHS of (24) equals Also, 10011 ∈ 1 (C) ⊕ 2 (ker 1 ) = 1 (C) ⊕ 2 (ker 1 ), but 10011 = ∈ 2 (C) (i.e., 10011 cannot be obtained by puncturing the last two coordinates of any codeword in C). This demonstrates that, in general, j−1 (C) ⊕ j (ker j−1 ) = j (C):
(2) As another example, we consider the [4; 2; 3] 4 Reed-Solomon code C which is self-dual and whose codewords are 000|0; 01!| !; 0! !|1; 0 !1|!;
111|1; 10 !|!; 1 !!|0; 1!0| !;
!!!|!; ! !0|1; !01| !; !1 !|0;
! ! !| !; !!1|0; !10|!; !0!|1:
Here F 4 = {0; 1; !; !}, with ! = ! 2 = 1 + !. View C ⊥ as a linear code on the poset P = 31 ⊕ 1 (i.e., t = 2, n 1 = 3, n 2 = 1). From the above list, we see that the P-weight distribution of C ⊥ is 0 1 3 3 4 12 , so that W C ⊥ ; P (x; y) = x 4 + 3xy 3 + 12y 4 :
On the other hand, the RHS of (24) equals as we wanted.
Comparison with the result in [2]
Theorem 3.1 in [2] corresponds to the special case t = 2; n 1 = 1, n 2 = n − 1 of Theorem 1. Noting that the P-weight enumerator employed there is the one in (2) with x and y interchanged, in our notation the MacWilliams-type identity in [2] can be translated into
As it is easy to see that W ker 1 ; P (x; y) = x n − x n−1 y + x −1 yW ker 1 (x; y);
(25) equals
x n − x n−1 y + |C| −1 qy(x + (q − 1)y) −1 W ker 1 (x + (q − 1)y; x − y):
On the other hand, in the special case the identity in (24) reads
Considering the cases of ker 1 = C and ker 1 = C separately, one can check that in either case (26) is identical to (27).
The second identity and a MacWilliams-type identity

The second identity
Using the MacWilliams identity in (9), (21), and (22), one readily sees that (24) can be rewritten as
It seems natural to introduce the following family of new linear codes of length n over F q associated to C. Put, for 16j6t,
Then, we note that
One now easily shows that
: Using this and noting that WC⊥ 1 ; P (x; y) = x n (cf : (20)); we see that (28) can be rewritten as in (29). This result is summarized in the following theorem.
Theorem 2. Let C be a linear code of length n = n 1 + · · · + n t over F q on the poset P = n 1 1 ⊕ · · · ⊕ n t 1 (cf. (3)). With j (16j6t), j (06j6t − 1) as in Theorem 1, for 16j6t we put
Then we have the identity
Derivation of MacWilliams-type identity
We ÿrst note that, for P = n 1 1 ⊕ · · · ⊕ n t 1, Ä P = n t 1 ⊕ n t−1 1 ⊕ · · · ⊕ n 1 1:
Proceeding in a similar manner to Section 3, one shows that
Here A j 's are as in (17), j and j are as in Theorem 1, and we used (21), (22), and the MacWilliams identity (9). On the other hand, from (24) and (28) 
Comparing (30)-(33), we are led to introduce the following homogeneous polynomial C; P (X; Y; U; V ) of degree n = n 1 + · · · + n t in X; Y; U; V :
The following theorem is entitled to be called a MacWilliams-type identity for linear codes on the poset P = n 1 1 ⊕ · · · ⊕ n t 1.
Theorem 3. Let C be a linear code of length n = n 1 + · · · + n t over F q on the poset P = n 1 1 ⊕ · · · ⊕ n t 1 (cf. (3)). With j , j as in Theorem 1, let C; P (X; Y; U; V ) be the polynomial given by (34). Then we have the MacWilliams-type identity: 
